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Ked. 4.3. - Tpanela Ospdatwyv 2022 - AAyeBpa B’ Aukeiou

EKOQNHZEIZ & AYZEIZ

Ofua 2 - Kwédwkol:
15040, 15047, 15175, 15176, 15246, 15247, 15248, 15349,
15618, 15653, 15654, 15674, 15695, 15989, 17241, 18230, 20856

H Tpanela Oepatwv ya tnv Adyefpa B' Avkeiov elval pia peydin «Bdiacoor. Epels opwg €xovpe
(PPOVTIOEL YL EGEVA, CUYKEVTPWVOVTAG EKEIVA TA BEQATA TTOV ATTOTEAOVV TN «BACM» TNG YVWONG
KAl yl@ T LVTOAoTa. MEAETWVTAG KUl KATAVOWVTAS TO HOTIBO OKEYNG Yl TA CUYKEKPLUEVQ,
UTTOPE(S Vo AVCELG e ETILTUYX (A KAl Ta VTIOAOLTTA BEpaTa. TNV LOTOCEAISA HAG WWW.Arnos.gr yla To
Course G AAyefpag, HEAETAG KL TIPOETOLUALECAL HE TNV AVAAUTIKY SI8AOKOAIX 0€ AOKNOELS Kal

Bépata, oto V@og ¢ Tpamelag.

1. Oépa 15040
Alvetaln efiowon x* —7x+6=0.

a) Na efstdoete av o apBuoc 1 sival pila tne.
(Movabdeg 5)
B) Me tn BonBsla Tou oxnuatog Horner N pe 6moLo dA\o Tpomo BEAeTe, va Bpeite To mnAiko
¢ Slaipeonc
(x> —7x+6):(x—1)

Kol va ypAWETE TNV TAUTOTNTA TNG eUKAELSeLac Slaipsongc.

(Movadec 10)
v) Na Aboete thv efiowon x> —7x+6=0.

(Movabeg 10)
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AYZH

a)Me x =1 €xouue:
X —7x+6=1*-7-1+6=7-7=0

omote o aplBuoéc 1 eival pila tng e€lowonc.

B) Onwg dalvetal oto SUTAavo oxnua Horner 1 0 _7 6 1
to tnAiko ¢ Slaipsong (x* —7x+6):(x—1) 1 1 6
givat x> +x—6 Kat o unoAouto 0, omoTE N 1 1 -6 0

tautotnTa e Slalpsong sival n:
X —7x+6=(x—1)(x" +x—6)
v) At to epwtnua B) EXoupe:

X —7X+6=0=(X—-1)(X*+x-6)=0=x=1Ax=2Ax=-3

2. Ofua 15047 Apyétumo
Alvetal to moAvwvupo P(x) =x* —x* —5x* +7x—2.
o) Na amodeifete oTL 0 aplBuoc 1 ival pila Tou TOAUWVUOU.
(Movabeg 10)

B) Na e€etaoete av To MOAVWVURO €XEL Kot AAAN aképata pila.

(Movabdec 15)
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AYZH

a) Enedn P(1)=1'-1*-5.1"+7-1-2=1-1-54+7-2=0, o apBuo¢ 1 sivar pila tou
TOAUWVUHOU.
B) OL mBaveg akepaleg AUGELG TOU TIOAUWVUOU ival ol SLalpETeg Tou otabepol Opou Tou
SnAadn oL lalpEteg tou 2 mou sivat ot apBuot 1,2, -1, —2.
O apBuoc 1 sidape otL eival pifa Tou moAuwvUpou. Eéstaloups av KAmolog amo Toucg aAAouc
apBuouc sivat pia. Elvat:

* P(2)=16-8-20+14-2=0

o P(-1)=1+1-5-7-2=-12%0

e P(-2)=16+8-20-14-2=-12+#0

Emopévwe oL aképalec pllec Tou TOAUWVUHOU sival oL aptBpotl 1 kat 2.

3. @fua 15175
Alvetaito moAvwvupo P(x) = x3 — x2 + x — 1.

a) Na anodeitete otLto 1 elvat pia pila tou moAv wvipou.

(Movabec 5)
B) Na amodeifete 6L P(x) = (x —1) - (x2 + 1).
(Movabdeg 10)
y) Na AVoete tnv e€iowon P(x) = 0.
(Movabdec 10)
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AYZH
a) Eivat P(1) = 13— 12+ 1—1 = 0, dpa to 1 eival pia pifa Touv moAvwvipou.

B) EmutA€ov LoyUeL OTL

1 pitatouv P(x) & x — 1 mapdyovtagtou P(x)

Ebappoyn tou oyrjpatog Horner:

1]-1]1]-1]p=t

Eropévwg oyvet: P(x) = (x— 1) - (x%2 + 1).
EvaAdaktikn anavtnon:

Plx) =x?=x?+x—-1=x?(x-1D+x-1)=x-1)-x2+1)
y) Eivat Aouov

241 %0
P =0e(x—-1) (2+1)=0c—Dx=1.

4. Ofpa 15176 Apyétumo

Alvetatto moAvwvupo P(x) = x3 — 2x2 +3 x — 2.
o) Na amnodeifete otttox — 1 eivat mapdyovtag Tou TOAVWVULOU.

(Movabec 12)

BYAVP(x) = (x = 1)+ (x%2 —x + 2), va Bpeite yw moteg typég tou x givat P (x) > 0.
(Movabeg 13)

EEvmtva & EvkoAx!
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AYZH

a) Eivat P(1) =13 —=2-1243 -1—-2 =0, dpa to 1 eival pia pila touv moAuwvLpou.
ErutAéov LoyxveL oTL

1 pifatouv P(x) & x — 1 napdyovtac touv P(x)
B)EivauP(x) = (x— 1) (x%2 —x+ 2).
To TpLwvupo X2 —x + 2 # 0 86Tl éxel Slakpivouoa apvnTiKA Kal emmpooBeTa oyUEL OTL
X2 —x+ 2> 0y kdbe x € R.
ApaP(x) =0 (x—-1)- (x2—x+2)=0e=x=1.

To rpdonpo Twv TLHWv tou P(x) daivetal oTov mapakaTw mivaKa TpocHHwY:

X —0 1 +co
x—=1 - 0 +
x2—x+2 + +
P(x) - 0 +

Q¢ ek tovTou, eivat: P(x) > 0 x > 1.

5. Ofua 15246
Atvetal to moAvwvupo P(x)=x" +x" —x—1.
a) Na mapayovtonowoste 1o P(x).
(Movadec 10)
B) Av P(x)=(x +1)2 (x=1) va Aboete v aviowon P(x)=0.

(Movadecg 15)
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AYZH

a) NapayovtomnoloUpe t0 P(x) kat £XOUUE

P(x)=x"+x"—x—1=x"(x+1)—(x+1) :(x+l)(x2—l) = (x+l)(x+1)(x—l):(.erl)2 (x-1)

B) To mpdéonuo tou P(x) daivetal oTov Mapakatw mivaka.

x —® -1 1 +o
=1 d +
(x+1) . c: + .
P(x) - ) - g -

Suvenwe n aviowon P(x) =0 aAnBeveL yia kaBe x €[1,+o0)U{-1}.

6. Ofupa 15247

Aivetal to moAvwvupo Px) =2x" —x* +2x—1.
a) Na mapayovrtonolioste 1o P(x).

(Movadec 10)
B) Av P(x)=(2x—1)(x* +1) va Aoete tTnv avicwon P(x)=0.

(Movabdec 15)

EEvmtva & EvkoAx!
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AYZH

a) Napayovtonololpe to P(x) kat éXOUuE
P(x)=2x" —x7+2x 1= x*(2x 1)+ 2x 1= (2x~1)(x* +1)

B) To mpéonuo tou P(x) daivetal otov mapakdtw mivaka.

1
X — E +oo
2x—1 . ] +
r+1 + +
P(x) - q t

2uvenwg n avicwon P(x) =0 aAnBelel yua kabe xe[%,m}.

7. Ofua 15248 ApyEtumo

‘Eva. moAuwvupo P(x) Sapolpevo pe to modvwvupo 2x—1 Sivel mniiko x* —2 kat
umodotro 1.

a) Na Bpeite to moAvwvupo P(x).
(Movadec 12)
B) Av P(x)=2x" —x"—4x+3
i. va amobeiéete otL o P(x) €xel pila to 1 kot ypalete TNV TQUTOTNTA TNG
Siaipeong P(x):(x—1).
(Movabdec 7)
ii. vat AUoete Tnv €lowon P(x)=0.

(Movadec 6)
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AYZH

a) Amo TNV TaUTOTNTA TNG SLaPEDNG EXOULE
P(x)=2x-1)(x"-2)+1=2x" —dx—x* +2+1=2x" —x" —4x+3.
B) Me P(x)=2x"—x"—4x+3

i. To oxfipa Horner yia tn Swaipeon P(x):(x—1) daivetal napakdtw.

2 1 4 3 1
2 1 3
2 1 -3 0

Tuvenwe to P(x) éxel pila to 1 kaw n tavtétnta tng dtaipeong P(x): (x—1).elvat

P(x)=(x—1)(2x* +x—3).
ii. Exoupe Aourtdv: P(x) =0 < (x— l](2_:c2 +x—3) =0 omote

) 3
x—1=0hA 2x"+x—-3=06nhadn x=1nx=11 x:—E.

3
Tehkd x =1 (buthn pila) n x = 5
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8. Oépa 15349

Aivetal n ypadikn napaotacn Cr tng cuvaptnong f pe nedio oplopou 1o R, onwe paivetat
oTO OXAHA.
o) Na attloAoynoeTe ylati n ouvaptnon ivat apTLa.

(Movadeg 7)
B) Av yvwpilete OTL Ta onueia A(—\/Z —1) kat B(v2, —1) avrikouv otn ypadikr mapaotacn
¢ f va Bpeite Ta Saotipata povotoviag tg cuvaptnong f.

(Movadec 8)
y) Na Aboete ypadikd tv e€iowon f(x) = 0.

(Movabdeg 10)

-7 -6 -5 -4 -3

=2
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AYZH
a) Na kabe x € R €xoupe —x € R kat and 1o oxnua napatnpovue nwg n Cr €xel agova

OCUMMETPlag ToV ¥y, Apa, n ouvaptnon f elvat aptia.

B) Ano tn ypadwn mapaoctacn Cr n ouvaptnon f eival yvnoiwg ¢bivouoa ywa x €
(=00, —\E] katx € [0, \@] evw n ouvaptnon f eivatl yvnoiwg avovoa yia x € [—JE, 0] kat
x € [V2,+).

y) MNa tig Aboelg tng e€lowong f(x) = 0 apkel va BpoUUE TLG TETUNUEVES TWV ONUELWY TTOU N
Cr Tépvel Tov agova x'x, SnAadn Ta onpeia mou €xouv TeTaypEVn ion pe pndév. Auta eival

['(—=2,0),0(0,0), A(2,0). Apa oL AUoelg TG e§lowong sival —2, 0, 2.

N
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9. Ofua 15618

a) Na ypaete To TOAVWVURO Plx|=2x7+x*— x W¢ YIVOUEVO EVOC TIPWTOPRABULIOU KAl EVOG
deutepofadbuiou TOAUWVULIOU.
(Movabdeg 10)
B) Na AUoete v €iowon P x|=0.
(Movabdeg 15)
AYZH

a) ZTO TTOAVWVUHO HITOPOUHE VA EEAYOULE KOLVO TIAPAYOVTA TO X KAl EXOULE:
P(x)=2x>+x"—x=x(2x"+x—1) mou sival to {nrovpevo.

B) H eEiowon ypagetal .ooduvapa P(x)=2x +x’ - x=0ex2x'+x-1/=0&

x[2x-1/x+1=0ex=0n x== n x=-1.

1
2

10. Oépa 15653

Aivetot To mOAVWVUPO P(x)=x +x> +2x+2.
)
i. Na kdvete ) Slaipeon tou P(x) peto (x+1) .
(Movabec 8)
ii. Na ypdete tnv tavtotnta tng dlaipeong P(x): (x + 1) .
(Movabecg 5)
B)Av P(x)=(x+ l)(x2 + 2) , va Aboete tnv aviowon P(x) <0.

(Movabeg 12)

EEvmtva & EvkoAx!
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AYZH
a)
i. H Slaipeon tou P(x)=x" +x* +2x+2 PETO (x+l) glval n mopakdTw:

0

ii. H tautotnta tng mapandavw diaipeonc ivat:
45+ 20 +2=(x+1)(x° +2)+0=
x +I2+2I+2:(x+l)(x2 +2).

x*+2:0

B) Exoupe looSUvapa: P(x)<0<:>(x+1)(x2+2)<0 o x+l<0o x<—1.

11. Oépa 15654

Atvetat to moAuwvupo P(x)=x" —Tx+6 .
a) Na 6eiéete o0tL T0 x—2 €lval mapayovtag tou P(x).

(Movadeg 12)

B) Na Aboete v efiowon P(x)=0.
(Movadeg 13)

EEvmtva & EvkoAx!
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AYZH

4.3. TTOAVWVVLKES EELOWOELS KXL KVIOWOELS

a) Napatnpolpe ot P(2)=2"-7-24+6=8-14+6=0, ondte o 2 eival pila Tou P(x) Kat 10

x—2 givaL napdyovtag tou P(x) .

B) Kavoupe t Slaipeon P(x)+(x-2),

:1:3+0m2—7:t+6 x—2
(+) 3 2
— 2
@+ 22 22 4+2x—3
2z% —Tx + 6
(+)
—22% + 4z
—3x + 6
(+) 3z —6

0

Apa P(x)=(x- 2)(3{2 +2x— 3) .‘EXxoupe wwodlvapa:

P(x)=0
(x=2)(x*+2x-3)=0&
x—2=0 x=2
n <M

¥ 4+2x-3=0 x=1x=-3

Apa oL AUoelg Tng e€lowong eival x=1, x=2,x=-3.
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12. Oépa 15674 Apyxitumo
Atvetal to moAvwvupo P(x)=3x" —x* —x+2.
a) Na kavete tn dwaipeon P(x):(x—1) kot va ypaete tv tavtdtnTa g dlaipeong.
(Movabdec 10)
B) Av P(x) =(x—1)(3x* +2x+1)+3 va Aoete v aviowon P(x) <3.
(Movabdec 15)

AYZH

a) H dwaipson P(x):(x—1) $aivetal oTO MAPAKATW OXAHLOL.

30° — a2’ — 2+ 2| x1
—32° + 32° 32° + 22+ 1
20" —x + 2
—22° + 2
X+2
-X+1
3

H tautdtnta tng Saipeong eivat : P(x) = (x—1)(3x” +2x+1)+3.

B) Mg Baon tnv mapamavw tautotnta dtaipeang, n {nTou pevn aviowaon ylvetoat
P(x)<3 <
(x-DBx*+2x+1)+3<3 =
(x=DBx*+2x+1)<0

To tpuwvupo 3x° +2x+1 €xel Slakpivouoa apvntikr, omoTe €ival yia KABe T Tou x
' I 2 f . ' ' . P
OMOCNKO TOU OUVTEAEDTH TOU X~ Ttou Looutal pe 3, dnAadn BeTiko, onote n aviowaon yivetal

Looduvapa
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(x—DBx* +2x+1) <0<
x-1<0&<=

x<l1

Tehwa n aviowon P(x) <3 aAnBevet yia kabe x € (—n0,1).

13. Oépa 15695
Aivetaito moAvwvupo P(x) = x3 + 2x - 3, x € R.
a) Na Bpeite to mnAiko kat to undAouto tng diaipeong tov P(x) pe to (x + 1) kat va
ypayete TNV tautotnta tne dlaipeonc.
(Movabeg13)
B) NaAvoete tnv e§iowon P(x) +6 = 0.
(Movabecg12)

AYZH

a) x3+0x?2+2x-3] x+1
—x3 — x? x? —x+3
—x2 4+ 2x -3
x? +x
3x - 3
-3x-3
-6

Me Baon tnv napanavw dlaipeon dtamotwvoupe 6T P(x) = (x + 1)(x?2 — x +3) - 6.

EVAAAQKTIKQ, LTOPOULE VOL ATIAVTCOUUE LE Xprion Tou oxnpatog Horner.

EEvmtva & EvkoAx!
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B) H e§iowon P(x) + 6 = 0 ypd@etar (x + 1)(x? — x + 3) = 0. ANG T0 TpLOVULO

x? — x + 3 éxer dwakpivovoa A = (—1)?2 — 4-1-3 = — 11 < 0 kat emopévwg Sev €xel
pitec. Qote x + 1 = 0, étoL povadikn pifa eivatn x = — 1.

EvaAAaKTIKA, MrtopoUpe va Avcoups tnv e€iowon P(x) + 6 = 0 aveéaptnta anod 1o a)
epwtnua ws eéng: x> +2x + 3 =02 x*+3x —x+ 3=0&
x(x2=-1D)+3x+1)=0,4palx—1Dx+Dx+3(x+1) =0

(x+ D[x(x — 1) +3] =0, onote (x + 1)(x? = x+3) =0.

14. O¢pa 15989 ApyEtumo

Aivetal To TOAVWVURO Plx =x"—2x*—2x+4.
a) Aivetat Ot To MOAUWVURO  P(x)  €xel povadiky aképaia pila. Na rpoodiopioete
povadik aképata pila Tou moAuwvUpou Pl x/|.

(Movadeg 12)
B) Na Bpeite OAeg Tig pileg Tou Plx| kal va To YPAWETE WG YIVOUEVO TIPWTORABUIWY
TIAPAYOVTWV.

(Movadec 13)

AYZH

a) Epboov 1o moAuwvupo P x| €Xel aképaloug CUVTENEDTEC, Ol TUBAVEC akEpaleC pileg Tou
Ba eival ol dlalpeTeg Tou atabepov opou 4, dnhadn ol apOpol +1,+2,+4.
AVTIKABOI0TWVTAS 0TO TTIOAUWVURO P x| 6rmou X Tov aplopod 2 napatnpoUpe OtL:
P2/=2°-2:22-2.24+4=8-8-4+4=0, apa 1 povadik aképata pila Tou TOAUWVUIOU

sivat to 2.
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B) E@doov 1o 2 eivat pilatou Plx toxvel dtito x—2 eival mapayovrag tou Plx| omodte

EKTEAWVTAG TN dlaipeom €XOUUE:

X —2x°—2x+4 x—2
- x>+2 X x* =2
-2x+ 4
2x—4
0

SUVENWG, 1 e€iowon ypagetat: Plx/=0<(x —2|[x*—2/=0(x-2//x—2/[x+V2|=0.

-

Onote ol pileg ToU MOAUWVUROU eival x=2, x=+2, x=—+/2.

To moAuwvupo ypagetat: Plx)=x-2/lx =2/ x+2].

15. Oépa 17241

Aivetat o mohvwvupo P(x) = x3 + x + 2.
a)
l.  Na amobeifete 6110 P(xX) éXeL mapdyovta to (x + 1).
(Movadec 7)
Il.  Nakdvete n Swaipeon P(x): (x + 1).
(Movabdec 10)
B) Av P(x) = (x + 1)(x? — x + 2), va Aboete tnv avicwon P(x) < 0.
(Movadec 8)
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AYZH
a)
. Emedy P(-1)=(-12+(-1)+2=-2+2=0, 10 umdlouo TNnG
Swaipeong tou P(x) pe to (x + 1) eivatr 0. Apa, to(x + 1) eivat mapdyovtag
tou P(x).
Il.  Kdavoupe tn daipeon tou P(x) pe to (x + 1) pe ™ PonBela tou oxrpatog

Horner:
1 0 1 2 -1
-1 1 -2
1 -1 2 0

Apa, P(x) = (x + D (x% — x + 2).
B) To tpuwvupo x2 —x + 2 éxet Swakpivovoa 4 = (=1)2—4-2 = =7 < 0 ondte
x2 —x + 2> 0y kdBe x € R. Apa,
PX)<0eo(x+1D)(x*-x+2)<0e

x+1<0&s x<-—1.

16. O¢pa 18230
Aivetat to moAvwvupo P(x)=2x° + x> —8x—4.

o) Na anodeifste OTL EsL MaApayovTA TO (X —2).

(Movabdec 9)
B) Na. mopayoVTomoLINOETE TO TOAUWVULLO.

(Movadec 9)
v) Na AUoete thv e€lowon P(x)=0.

(Movabdec 7)
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AYZH
o) To MOAUWVUHO £XEL TTApAyovTa To (X —2), Hovo 6tavP(2)=0.
Mpayuatika,
P2)=2-8+4-8-2-4=16+4-16-4=0
OTOTE TO (X —2) €lval mapayovTtog ToU ToAUWVU LoU.
B) ElvaL:
P(x) =2x" +x* —8x — 4 =2x> —8x+Xx* —4 =2x(x> —4) + (x> —4)
=(x*—4)2x+1)=(x—2)(x+2)(2x +1)

y) loxuet:

1, ,
P(x):O<:>(2x+1)(x—2)(x+2)zo<:>x:—Enx:Z Nx=-2

, , , , , 1
Enopevwe n eélowon €xeL plleg Toug aplBuoug —E, 2 Kol —2.

17. Oépa 20856 Apyitumo
Aivetain ouvaptnon f(x) = 2x® + x>+ x -1, x € R.

a) Na anodeifete ot n iowon f(x) = 0 Sev éxel aképaleg pilec.

(Movadec 12)
B) Zto napakdtw oxiua daivetal n ypadikn napdotacn tng ouvaptnong f .
i.  Na8&watoloyroete 6tLn e€lowon f(x) = 0 éxeL pia pila.
(Movabec 04)
ii. Na amobeiete otLn pila avt Bpioketal oto Sidotnua (0,1).
(Movabec 09)
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AYZH
a) Ot ubavec akepaleg pileg tne e€lowaonc Bplokovtal otoug Statlpeteg tou —1 Kat elvat ot

aplBuotl +1.
AMa f(1) =3 # Okatf(—=1) = =3 #0.

Eropévwce n e€iowon f(x) = 0 8ev £xeL aképateg pitec.
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i. Heflowon f(x) =0 éxeL pia pia, S16TL N ypadki mapdotaon tng cuvdptnong f
TEPVELTOV Afova X'x oto onueio A.

i. Eivarf(1) =3>0katf(0) =-1<0.
Enopévwg, oupdwva pe to Bewpnua mou mpoodlopilel Tn pila pLag MOAVWVULLKAG
OUVAPTNONG ME TIPOOEYYLON, UTIAPXEL Hiat TouAdotov pila tng €iowong f(x) =0

peTagL Twv apBpwyv 0 kat 1.

Ofpa 4 - Kwdwot:
14955, 15005, 15066, 15094, 15174, 15250, 15431, 15436, 15677,
15790, 15960, 17919, 17925, 17943, 18221, 21155, 21240, 22013

18. O¢pa 14955 Apyétumo
H péon Bepupokpacia T (o Babupolg KeAolou) otnv emidpavela evog mAavT, HETA ATO X
EKQTOMMUPLO XpOVLaA, €XEL eKTIUNOel 6Tt eivae T (x) = x* — 10x? + 31x - 30.

a) Anobeifte OTL 2 eKATOUMUPLA XPOVLIA HETA, N MEON Beppokpacia atov mAavntn Ba eival

undév °C.
(Movadecg5)
B) Na Bpeite toug aplBpouc @, B, ¥ pe & < B < ¥ wote va LoXUEL
Tx)=x - ax = fHx =)
(Movabeg 10)

y) OcwpoUpE OTL PO XPOVLIKN TIEPL0S0C MAYETWVWY OTOV TIANAVATH £LVOL QUTH OTNV Omoia n
uéon Bepuokpaacia Teival ouvexwe KATW amod undév °C . Moleg XpOVIKEC TepLOSouc Ba xou s

TILYETWVEG OTOV MAQVATN;

(Movabecg10)
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AYZH

) Zntdpe tov apBpd T(2) =22 —=10-22 +31-2 — 30 =8 — 40+ 62 — 30=0.
B) Ano to a) epwtnpa PokUTTeL OtL To MoAuwvupo T (Xx) €xeL mapdyovia To x - 2, apan
Swaipeon T(x): (x — 2) elval téAela. Bpiokoupe to mnAiko autng tng dwaipeong pe TN

BonBewa tou oxnuatog Horner.

DS

AT 2 - 16 30
sy

CRRRIT T N

b -

Qote T(x) = (x — 2)(x? — 8x + 15).

To tpwwvupo x2 — 8x + 15 éxetSiakpivovocad = (=8)%2—4+:1-15 = 4 kaipilegx = Bziz,
SnAadn toug apBpoug 3 kat 5. TeAwa T'(x) = (x — 2)(x — 3)(x — 5).

Etora =2, = 3,y = 5.

y) OéAoupe va BpoUpe Ta SLAOTAMATA Yl T TWWEG X Twv omoiwv Ba eival T(x) < 0.

Kataokeualoupe Tov rivaka mpoorpou twv Tpwv T (x) yia BETIKEG TULEG TOU X.

X 0 2 3 5 +0o0
X — 2 - + + +
x*? —8x + 15| + + - +
T(x) - + - +

AlQUTIOTWVOURE OTL TTOYETWVEG Ba umapyouv otov TAavATtn ta SU0 MPWTA EKATOUUUPL

XPOVLOL KL TNV XPOVLKT TEEPL0S0 Ao Tpia £WG MEVTE EKATOUMUPLA XPOVLAL.
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19. Oépa 15005 Apyitumo
Aivetaw n ouvdptnon f(x) = x® — 3x? + 2.
a) Na anodeifete otLn f elval dptia.
(Movabdec 5)
B) Na Bpeite ta onpeio topng tng ypadikig mapdotacnc te cuvaptnong f Ue tov afova x'x.
(Movabec 10)
y) Zto napakdtw oxiua divetal n ypadkn napactacn tng f yia x < 0. Not CUMITANPWOETE T

ypadkn napdotaon tng cuvaptnong f ywa x > 0.

(Movabdec 4)
8) Me Baon tn ypadikn mapactacn tg ouvaptnong f, va mtpoodLloploste Ta SLaoThpata ota
onota n f eilvat yvnolwg avfouoa kal ta Staotpata ota oroia n f eival yvnoiwg ¢Oivouoa.

(Movadeg 6)
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AYZH

a) To nedio oplopou tng ouvaptnong f eivatto R, ondte av x € R té1e kaL —x € R.
Eniong eivat: f(—x) = (—x)® = 3(—x)2 +2 = x® —3x2 + 2 = f(x).
Apa, n f eival aptia.
B) OL TETUNHEVEG TWV ONKELWVY TOUAG TNG YPADLKAG TAPAoTOONG TG ouvVAPTNOoNG f e Tov
d€ova x'x eivat ot Aboelg tng e€iowonc: f(x) = 0 & x° —3x2 + 2 = 0.
@étoupe x? = y kawn e€iowon yivetal
y:2=3y+2=0 (1).
OL Baveg akepateg pilec tne e€lowong (1) elvar ot Sratpetec tou 2, dSnhadn ol +1, +£2. Na

p = 1, kavovtag tn Siaipeon pe tn Bonbela tou oxnuatog Horner, €Xoupe:

1 0 -3 2 p=1 |
1 1 —2
1 1 -2 0

Onorte, to 1 eival pia kot n e€lowon (1) yivetat:

-DO*+y-2)=0e
y—1=0ey=1My*+y—-2=0.

Heflowon y2 +y — 2 = 0 éxeLpilecugy; = —2 kawy, = 1.
Onote, x? = =2, adbvatnAx? =1l o x=119x = -1,
Apa T GNUELA TOUAC TN YpadIkA¢ mapdotacnc thg ouvaptnong f pe tov afova x'x eivad:

A(—1,0) ko B(1,0).
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y) Enewdn n f eivat dptia, n ypadikr g mapdotacn ival CULLETPLKRA WG TTPog Tov agova y'y,

OMATE €XEL TNV aKOAOUON popdn:

8) Ao ) ypadikn mapdotaon mMpokUTTeL OtL N f elval yvnolwg ¢Bivouca oe kabéva amnod ta
Swaotipata (—oo, —1] kat [0,1] kot yvnoiwg avéouca os kabéva amnd ta Sactipota

[—1,0] ko [1, +00).
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20. O¢pa 15066 ApyEtumo
@eWPOUVUE TO TIOAUWVUHO P(x) =2x* —5x> +4x> —5x +2.

a) Na anodeiéste otL:

i. O apBuocg0 dev eival pila tou.

ii. Av o aplBuog p ival pifa tou, TOTE Kal 0 aplOUog — sival emiong pifa tou.
P

(Movabeg 8)
B) Na Bpeite €va BeTIKO akEpalo aplBuo mou va sival pila Tou.

(Movadec 5)
v) Na AUoete tnv e€lowon P(x)=0.

(Movadec 7)
8) Na AUoete tnVv aviocwon P(x) <0.

(Movabdeg 5)

AYZH
a) i. Emedn P(0) =2 # 0, To moAuwvupo dgv £xeL AUon Tov aplbuo 0.

ii. Av 0 aplOuocg p sival pila Tou moAUwvVUROoU, TOTE LoXUeL P(p) =0 dnAadn

2p* —5p° +4p° —5p+2=0, (1).
, , , 1, , , , , , 1
Mo va amodeifoupe OTL 0 AplBUOC — lval eTiong pila Tou, apkei va dsifouvpe otL P| — [=0.
P P

Mpaypartika, eival:

4 3

1 2 5 4 5 1
P[_J:___+—z——+2:—4(2—59+492_593 +2p*)=0
[o RN o RO o R p

Aoyw tne (1).
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B) Eme1dn ot povadikol BsTikol akEpatol aplBuoi mou pnopei va sival pileg tou sivat oL BeTikol
OLOLPETEC TOU 2, UE X =2 EXOUME:

P(2)=2-16—-5-8+4-4-5-2+2=50-50=0
OTIOTE 0 ApLBUOC 2 sival BTk akEpala pila Tou TOAUWVULOU.

v) H e€lowon P(x) =0 £xeL pila Tov aplBuo 2 kat AOyw ToU EpWTNAMATOC a) £XEL pila

.1 _ _
KoL ToV aplopo . 2 > 4 = 2 2
4 -2 4 -2
‘Etol, pe tn PonBOsia tou ULOTO
He ™ Pon OXNHaTOg 5 1 > ) 5
Horner £€xoupe:
P(X) = (x —2)(2x* —x* +2x —1) . N 2 -1 %
Kal av emavaAdBoupe tn Stadkacia ya o 1 o 1
. 1
TIOAUWVUHO 2> —Xx* 42X —1 HE TO 5 2 0 2 0

CUMMEPALVOUPE OTL
P(x) = (x —2)()( — %}(2)(2 +2)=(x—2)2x —1)(x* + 1)
onote
, 1
P(X)=0<>x=2 nx:i.

8) Emedn ywa kdbe x e R woyvel x° +1>0, To mpOcNHO Tou TMOAUWVUHOU gival i8lo pe To

TPOCNLO TOU TPLWVULOU (X —2)(2x—1). ETol £(0ULE TOV MAPAKATW TIVOKO TIPOCT LWV,

o N

(x—2)(2x—1) + - 0 -

AMO Tov mivaka TIPOKUTTEL Ot AUon tnc aviowong P(x)<0 slvat kabes aplBpdg tou
. 1
SLooTAUATOG > 2.
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21. Oépa 15094 Apyétumo
To &idotnua S(t) oe petpa mou €xel SlavUOEL €va KWNTO TN XPOVLKN OTypn t o€
Seutepolerta, Sivetat and tn oxéon: S(t) = 2t% — 6t% + 10t
a) Na Bpeite 1o SLdotnua TIou €XEL S1AVUOEL TO KLVNTO TIG XPOVIKEG OTIYEG t = O katt = 2.

(Movaédec 03)

B) Na Bpeite mooo xpovo xpeldletal To Kvnto yia va dtavuost anootacn 30 HETPWV.

(Movabeg 10)

y) Enewdn to S(t) ekdpdleL to Sidotnpa mou StavieLTo KvnTo, Ba mpemeL va elvat mavta pn
apvNnTKO. Na amodeifete alyeBpLkd aUTOV TOV LOXUPLOUO.

(Movdadecg 08)

8) Aivovtat oL ypadkég MapaoTdoelg TpLwv moAvwvipwy S(t). Mia and autég ekdpalel to
Sudotnua S (t) tng ekdpwvnong. Na Bpeite mola and Tig TPELS €ival auth, SikaloAoywvtag tnv
QnAvTnNon ooc.

(Movddeg 04)

sy f H m:

Iﬁ =u

] biser, |
T T
1 ¥ 15 2 bl
o ! , : tisec] Lise=r)

(1) (1) (1)
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AYZH

a)S(0) = 0 (to kwntd Bpioketal otnv adetnpia) katS(2) = 2-8—6-4 + 20 = 12 pétpa.

B)S(t) =30 = 2t3—6t2+ 10t =30 & t3 —3t2+ 5t —15 = 0 (1).
MBavég aképalec pileg tne (1) sivar ot +1, +3, +5, +15. Enedry o xpovog sivat pn
opvNTKO duoLKO peyeboc mbaveg pileg eivat o 1, 3, 5, 15.

Htwn t = 3 emaAnBeleL tnv €lowon kat pe tn BonBela tou oxnuatog Horner, EXoUpeE:

Apan(l)e (t-3)(t?+5) =0t =3.

Enmopévwg to kKivnto Ba xpelaotel 3 Sevtepolenta yia va dtavuoetl amootaon 30 PETPpwWV.

y) Mpaypoatikd, EXOUHE:

S(t) = 2t3 —6t2+ 10t = 2t(t2 -3t +5) >0,

dotit = 0 (exdppaleLto xpovo)

kKat t? —3t + 5> 0 (to tpuvupo €xet Stakpivovoa 4 = —11 < 0, enopévwg eivat mavta
OMOONHO TOU GUVTEAEOTH ToU t2).

§) Me Bdon to puoikd mhaioto tou poPAfpatog, n cuvdptnon S(t) mpémnel va ival pn
QPVNTLKN KL OE KavEVa XPOVLIKO Stdotnua yviiowa ¢Bivouoa. Emopévwg, ivat:

H (1) elval pev un apvntikn, aAAd &€ dratnpei to idlo €idog povotoviac,.

H (I1) maipveL KoL apVvNTIKEG TLUEC.

H () elvat pn apvnuiki kot yvnoiwg avfouca maviou, wG €K TOUTOU aQmOTEAEL TNV

evbedelypévn amavnon.
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22. O¢épa 15174 Apyétumo

Atvovtat ta moAuwvupa P(x) = x* + x3 +a x — 4 kat §(x) = x2 — 3x + 2. To undlouto
¢ Staipeongtou P(x) pe to 8(x), eivat to mohvwvupo v(x) = 24x — 24,
a) Na urmoAoyioete TNV T TOU IPAYUATIKOU aplBpou a.
(Movabeg 8)
B)Ma a = 2,
i. va unoloyioete To undAouto tne daipeonc tou P(x) peto x — 1.
(Movabec 2)
ii. va Ppelte ta onuela topng tou Gfova x'x pE NV ypadik MAPACTACN TNG

TOAUWVU LKA C ouvdptnong P(x).

(Movabec 8)
iii. vo BPEelrte TIC TIHEC TOU X Y TIG OTMOLEG, N yPAdLIKA TIAPAOTACN TS MOAUWVULLKIG

ouvdptnong P(x) Bploketal kdtw armd tov déova x'x.

(Movabdec 7)

AYZH

a) H 8taipeon touv moAvwvopou P(x) pe to moAvwvupo &(x):

x4+ x3 +ax—4| x?—-3x+2
—x* +3x3 = 2x? x? +4x + 10
4x3 —2x? +ax—4
—4x3 + 12x? - 8x

10x2 4+ (a—8)x—4
—10x2 +30x—20
(a+22)x—24
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H tavtotnta tng Slaipeong eivat:
P(x) =6(x) - (x? +4x + 10) + (a + 22) x — 24
Enopévwg npéneLva wyvel (a + 22) x — 24 = 24x — 24 yuo k@Be x € R.

Elvac

(a+22)x—24=24x -2 a+22=24a =2

BiMaa = 2, eivat P(x) = x* + x3 + 2 x — 4.
i. To untdAouro tne Siaipeonc tou P(x) peto x — 1 givarto P(1) = 0.

ii. Zntetta n enilvon tne e€iowaong P(x) = 0.
Eivat: P(1) = 0 © 1 pita tou P(x) © x — 1 napayovragtou P(x).

Edappoyn tou oxnpatog Horner:
1|/1lo0]2]-4]p=

.1224

112124 0

Enopévwe oxvet: P(x) = (x— 1) (x3 + 2x2 4+ 2x + 4)
AMAx3 +2x? +2x +4 =x?(x+2) + 2(x + 2) = (x + 2) (x? + 2).
TeAwd woxvet P(x) = (x — 1) - (x +2) - (x2 + 2).

Elvari Aoutov

24270
PO)=0e(x—-1)(x+2) - (x®+2) =0 e— x=11 x = —2.

Emopévwe, ta onpeia Topn g tov afova x'x pe TNV ypadkn mopaotaon TG MOAUWVUMLKAG

ouvdptnonc P (x), sivatta A(—2,0) ket B(1,0).
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iii.  Znteitawn emilvon tng avicwong P(x) < 0.

To rpdonpo twv TLuwv tou P(x) daivetal otov mapakdrw mivaka mpoorpwy:

X —oo -2 1 + oo
x—1 _ — 0 +
x+2 - 0 + &
X242 + + +
P(x) + 0 - 0 +

Qcektovtou, P(x) <0 & -2 <x < 1.

23. O¢épa 15250

Alvetal To moAvwvupo P(x)=x"—4x’ —x* +ax+ B 10 omnoio Slalpolpevo pE TO
x* —4 SiveL undhoumo 4x +1.
a) Na kdvete T Saipeon P(x): (x> —4).
(Movabdecg 7)
B) Na Bpelte TG TWHEG TwV @ KaL .
(Movabdec 7)
y) Eotwa =4 kat F=5. Av to mnhiko g Siaipeong P(x):(x*—4) eivar to
m(x)=x"—1, tote:
i. va ypdete tnv tavtdtnta g Staipeong P(x): (x> —4).
(Movabec 4)
ii. vt AUoete v aviowon P(x) <4x+1.

(Movabdecg 7)
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AYZH

a) H Swaipeon P(x): (x> —4) daivetal napakdtw

-4 -xXtax+ =4
-+ -1
o+ Féi
X —4
ax+ F-4

B) And to a) epWTNUa £XOUHE OTL To uTtOAoTo TG Slaipeong P(x):(x° —4) eival to
MoAvwvupo ax+ B—4. ODuwg and v ekdwvnon Slvetal OTL €lval TO MOAUWVULO
4x+1. Zuvenwg ta moAvwvupa ax+ f—4 kat 4x+1npenel va eival ioa, dnhadn

a=4kaL f=3.

y)fa a =4 kaw f=5 éxoupe P(x)=x" —4x" —x” +4x+5.
i. H tautétnta g Siaipeong P(x): (x* —4) eivar P(x) = (x* —4)(x" —1) +4x+1.
ii. Aflomolwvtag tnv tautotnta tng dtaipeong mou Bprikape Mapaavw EXOUUE
P(x)<4x+1(x* DX —D+4x+l<dx+1 (X —D(x-D(x* +x+1) <0.
To mpdonuo tou moAvwvipou II(x)=(x" —4)(x—1)(x* +x+1) ¢aivetar otov

TIOPOKATW TVaKA.
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* —x -2 1 2 +
| + - g +
x—1 T+ +
x4+l + ¥ + +
II(x) - g + % - © +

Juvenwg n {ntoupevn aviowon aAnBevet yia kabe x € (—o0,—-2) U (1,2).
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24. Oépa 15431 Apyétumo
a) Aivetat to moAluwvupo P(x) = 2x® + ax? + fx — 5, pe x € R.
i. Av to moAuwvupo €xeL Ttapayovta to (x — 1) kat to untdAouto g Saipeong Tou pe

(x — 2) etvar —1, va beifete ot

2+ =-6
Kal
a+f =3
(Movadeg 6)
ii. Nadeifeteotia = —9kaLf = 12.
(Movabeg 5)

B) Na Bpeite TIc TWHES Tou X € R, yla TIg omoleg n ypadkn mapdaotoon tng cuvaptnong
P(x) = 2x3® — 9x? + 12x — 5 ivat kdtw amnd tov dfova x'x.
(Movabdec 10)
y) Av n ypadwr napdotacn tng P(x) eival n akdAouBn, va Bpeite ta diactripata povotoviag
™ng.
(Movadecg 4)
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AYZH

a)

i. Adou to nodvwvupo P(x) éxet mapayovta to (x — 1) woxveL ot

P()=0&
2-13+a-1>°+p-1-5=0&
a+pf =3.

Eniong to undhouno tng daipeong tou P(x) pe to (x — 2) elvarto P(2). Apa,
P2Q)=-1o2-22+a-22+p-2-5=-1&
l6+4a+2f-5=-1&
4da+ 20 =-12 © 2a + p = —6.
ii. T va BpoUpE TIG TWEG TwV a, f AUVOUUE TO CUOTNUOL:

{2a+8=—6 {2a+ﬁ=—6

a+f =3 B=3-« <
{2a+(3—cr)=—6
f=3—-a
a+3=-6 a=-9
{b’=3—a "{5:12'

B) Kavoupe t daipeon P(x): (x — 1) pe to oxAua Horner kat €XOULE:

2 -9 12 -5
2 -7 5
2 =7 5 0

Apa, P(x) = (x — 1)(2x? — 7x + 5). To tpuvupo 2x2 — 7x + 5 éxeL Siakpivouoa
A=(=7)>—=4-2-5=9 kaupilec:
7449 5 7 -9

== Kalx, =

=1.
4 2 4

Xq
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, — (y — _ _3 = N2 (=2
Apa, P(x) = (x —1)2(x—1) (x 2) =2(x—1) (x 2).
H ypagdikn mapdotaon tng P(x) Bploketal KATw amd tov dgova X' x yia TLg TLUES TOU X Lo TIG

OTIOLEG

P(x)<0=)2(x—1)2(x—;) < 0.

O nivakag mpoofiuwv tou P(x) givat o akdAouBog:

X _ 3
o 1 5 +o0
(x — 1)? + 0 + +
5
(x=3) - - 0 +
P(x) - 0 - 0 +

Apa, P(x) < 0o x€(—w 1)U (1,3).
y) AR to epwtnua B) mpokUTtel OtL n ypadikr napdaotaon ¢ P tépvel tov dfova x'x ota
onueia (1,0) kat (E,O). And tn ypadiki mapdotacn mPokUTteL Ot n ouvaptnon P eival

yvnoiwg avéovoa ota Staotipata (—o, 1] kat [2, +00) kat yvnoiwg ¢Bivovoa oto [1,2].

25. O€pa 15436 ApyEtumo
Evag koAvpBntng PBploketal otn Balaocoa, oto onueio B o amoéotacn 2 km amd 1o
KOVTWVOTEPO onueio A pag eublypappng aktic. O mpoopLlopog Tou eival éva onpeio K tng
QKTNG, To omoio anéxel 4 km anod to A. H dtadpopn mou kavel eivatn BM koAvpnwvtag otn
BaAaocoa pe otabepn taxutnta 3 km/h kat n MK tpéxoviag otnv okt e otabepn
tayutnta 5km /h.
'Vwpilloupe OTL N oxéon PETAEL TOU SLooTHHATOC S TToU SlavUEeTaL, TNG TaXUTNTAC ¥ KoL TOU

i i r . g s
avtioTolou Xpovou kivnong t, elvaLv = -e t=-.
v
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Bdhacoa

=npa

Av 1o onpeio M anéxetl and to A andotaon x km, TOTE:
a) Na anodeitete 0TLBM = V4 + x2.

(Movadbec 5)
B) Na amodeifete 6tL N cuvdptnon mou ekppalet Tov Xpovo kivnong t (o h) tou kKoOAuppntn

—Spopéa wg npog tnv andotaon x (o€ km) eivan:

V4 +x?2 4 — x
3 5

t(x) = x €10,4].
(Movabeg 10)
v) Na Bpeite tn Oéon tou onuelov M tnNC OKTAC, £TOL WOTE 0 XpOvoc tne Sdpounc tou
[ i 4 i
KoAupBntn va Elval - WPEG.
(Movabecg 10)
AYZH

EivatBA =2, MA = x, MK = 4 — x.
H oxéon petagl tou SlaoTnuATog S TOU SLavUETaL, TNG TaXUTNTAG ¥ KL TOU QVTIOTOL{oU

‘ ! ' 5 5
Xxpovou kivnong ¢, elvau v =~ et =-.
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a) To tpiywvo BAM eival opBoywvio, omote epappoloviag 1o MNubayodpelo Oswpnpo
TPOKUTTEL OTLBM = Vi + %2

B) H kivnon yivetat og 600 péoa — koAUUPBnon otn BdAaocoa kol TPEELUO ot EnNpa — pE
Stadopetikég (aANa otaBepég) tayvtnteg v, =3 kTm Kot vy =5 kTm avtiotoya. Etol, o

OUVOALKOC XpOvoc Kivnong Ba mpokU el wg aBpolopa Twv U0 EMLPEPOUC XPOVWV.

2
e Oyxpovogkivnonganoto BotoM: t; = i_M — \"4;-3:
K
e O ypovogkivnongandoto Moo K: t, = MK _ 4;35
Vr
va+x? 4 —x

e O yxpOVOCTNG OUVOAKNGKIVNONG: tyy =t + ty = » -
Enopévwe, n ouvaptnon mou ekdppalet tov xpodvo kivnong t (o€ h) tou koAuppntr — Spopéa
wg 1tpog tnv andéotaocn x (oe km) elvain

Va+x2 4 — x

tlx) = 3 — E

x €10,4].

v) Apkeiva AuBei n e€iowon:

£ )_%®V4+x2+4—x_i{:
X) =3 3 5 3

5J4+x243(4 — x) =20=5/44+x2=3x+8

Adou x € [0,4] énetar ot 3x + 8 > 0, enopévwc Wooduvapa eivat:

25(44+x?)=(B3x+8)? =100 +25x? =9x? + 48x + 64 &
3
4x? —12x +9 =0 2x—-3)?2=0x =3

HAUon eival 8extn, ﬁl.éng € [0, 4].

Enopévwe o koAupBntrc Ba ByeL otnv akth og andotaon 1,5 km ano to onueio A.
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26. O¢pa 15677
Atvetai o moAuwvupo P(x) =x*—2x" —x* +ax+ 3, énov o, feR.
a) Na Bpelte ¢ TIHEG Twy @, B, av €ival yvwotd otL to P(x) Statpeital pe to MOAUWVUHO
O(x)=x" —2x+1.
(Movadec 8)
B)Maa=4,=-2
i. Na kévete ) Slaipeon P(x):(x* +5) kol va ypdete TV TAUTOTTA TG SLaipeong.
(Movabdec 8)
ii. Av P(x)= (x2 + 5)(x2 —2x—6)+14x+28 va Aoete TV e€iowon P(x)=14(x+2).
(Movadec 9)

AYZH

H Swaipeon P(x):O(x) daivetal oTo mapakdtw oxnLa.

ot -2 2’ fax+p | T 2o+
N P r?—2
2+ azr+ 3
2% 4xa2
(a-d)x+p+2

Adol to P(x) Satpeital pe 0 moAuwvupo Q(x)=x" —2x+1, Ba npémnel To UTGAOLTO TG

mapandavw Slaipeon va sival To pndeviko mMoAvwWvVUpO, TTou cuppaivel povo otav a—4=0

kot f+2=0,8n\adn aa=4 koL f=-2.
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B)Ma @ =4,3=-2 éxoupe P(x)=x"—2x —x"+4x—2.

i. H Stalpeon P(x):(x* +5) daivetal oto mapakdtw oxiua

, 2
2t -2t — 24— 2 "+ 9

4 9 .
—x — O > -2 —6

—22% — 62° +4x — 2
2x3 + 10x

—6x° + 14x — 2
622 + 30

14x+28

Kol N TautotnTa e Staipeong eiva n e€ng: Px) = (xz + 5)(Jn:2 —2x—6)+14x+28

ii. H e€lowon P(x)=14(x+2)pe tn BonBela TNg mapamdvw TauTtOTNTAS YiVETAL
(2% +5)(x* —2x—6) +14x+28=14(x+2) &
(2% +5)(x* —2x—6) +14x+28 =14x +28 <>
(x*+5)(x* —2x-6)=0

kat eneldy ¥ +5#0 vy kdBe xeR, éxouvpe du x*—2x—6=0 6nAadh

xzziJz_szzizﬁ:,liﬁ_

2 2
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27. Oépa 15790

Atvovtat ot cuvaptioelg f(x)=x"—3x* 4 kau g(x)=-x"+4 pe nedio opiopol o R .

a) Na dei€ete ot f(—x)= f(x) kat g(—x)=g(x) yia kdbe xc R.

(Movadec 7)

B) Zto mapakdtw oxApa Sivetal PEPOS TWV ypadIKWV TAPACTACEWY TWV CUVAPTACEWY f Kol
g.

8

6 f

4

2

-6 -4 2o 4 6
-2 g
-4

AdoU peTadEPETE TO OXAUO OTNV KOAQ 0QC, VO CUUMANPWGOETE TIG YPAPLKEG TTOPUOTACELS OF

oMo 1o R . Na altloAoynoste TNV anavinon oag.

(Movabdeg 6)
v) N Aboete , alyefpika r ypadika:
i. tnv eflowon f(x)=g(x).
(Movadec 6)
ii. tTnv aviowon /(x) < g(x).
(Movabec 6)
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AYZH
a) Otouvaptrioelg f kat g éxouv medio oplopol 1o R, dpa éxoupe xe R= —xeR.
Euthéov f(—x)=(-x)' =3(—x) —4=x*-3x>—4=f(x).
Opow g(—x)=—(—x) +4=—x+4=g(x).
B) Ant6 to a) epwtnua oL cuvaptioel f kal g eival dptieg. H ypadikr mapdctacn aptiag

ouVAPTNONG ELVOL CUULETPLKNA WG TTPOG Tov dova 'y . EMOUEVWG OL yPAPLKEG TOPOOTACEL TWV

f xat g cupmAnpwvovtal 6nwe daiveTat 6To TAPAKATW CXAKA.

-
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V)
i. Exoupe f(x)=g(x)ox'-3x’-4=-x’+4x"-2x*-8=0.(1)

Oétoupe x* =y, onote (1): ¥ —2y-8=0 pe A=36 kaw ¥, =-2,v, =4, dpa x> =-2 mou
glvat advvatn i x> =4 <> x=-2 4 x =2 mou eival oL ntovpevec AIGELC.

ii. Fpagikd, Aaon tng aviowong f(x) < g(x) elval oL TIMEG TOU x YLA TIG OToleg n ypadLki
nopaoctacn tg g elval mavw amd v ypadikn mapdctacn tg f . Omote n aviowon

aAnBeveLywa x €(-2,2).

28. O¢pa 15960
Aivetoun ouvéptnon f(x) = x* + kx — 1, pe k € R,
a) Na Bpeite tnv ©un tou k € R ywa tnv onola f(—x) = f(x), yia kdBe x € R.
(Movadec 6)
B) Makx =0,
i.  vadeifete 6t n ouvaptnon f eival yvnoiwg ¢pBivouoa oto Siaotnua (—oo, 0],

(Movadec 6)
ii. vadei€ete ot f(x) = —1 ya kabe x € R,

(Movabdec 6)
iii. va Bpeite ta x € R ywa ta onoia n ypadiki napaotaon tng f Bploketal k&tw ornd tov
aova x'x.
(Movadec 7)
AYZH
a) To nedlo oplopol ¢ ocuvaptnong f eival to cUVOAO Twv MPAYHATIKWY aplBuwv R.
M tn ouvaptnon f €XoupeE:
f(-x)=f)e (-0)*+rk(-x)—-1=x*+x—-1 x*-kx—-1=x*+xx-1&
2kx = 0 ywo kaBe x € R. Apa 1o 2Kx elval to pndevikd moAvwvupo, onote 2k = 0 kat

wooduvapa k = 0.
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B) Na k = 0, n ouvdptnon f eivat: f(x) = x* — 1.

. Mexyy <y, <0ex*>xtexnt-1>x%-1
Apa: f(x1) > f(x;). Emopévwg n ouvdptnon f sival yvnoiwg @Bivovoa ya
x € (—,0].

i. Exovpe:f(x)=-1ex*—1>-1 x* >0, nov woyelyla kdbe x € R.

iii. NavaBpolpe tax € R ywa ta onoia n ypadiki napdotacn g f Bploketat KATw and
Tov &fova x'x, AOvou e TV avicwon:
f(x)<0(=}x4—1<04=)(x2—1)-(x2+1)<ng2—1<0=)
x=1D-(x+1)<0.
Apa x € (—1,1). Emopévwg 1 ypa@kn Tapdotaon g cuvaptnong f Pploketal

kdtw amnd tov dfova x'x ya x € (—1,1).
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29. Oépa 17919 Apyétumo
ITo moapakdtw oxApa divetar tuApa TG ypadlkig mapactacng TG ouvAPTNONG

f(x)= %xz‘ —x,x € Rkatn guBeia ov Siépxetal and to onueia A[l,—%) kot B(4,-3).

2 Faxs) v

=_—1 =&

R B(4,-3)
o) Na Bpeite tnVv e€lowon tng eubslag AB.
(Movadbec 6)
B)
i. Na amodeiete otL f(—x)=—f(x) yia kabe xeR.
(Movabdec 5)

ii. Na petadépete otnv KOA 00G TO OYHA KL VO CUUTTANPWOETE TN YpadLkn
napaoctacn tng f ywa x<0.

(Movadec 6)
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y) Av n euBeia AB €xelL e§lowon y = —Zx, ME Xpron Tou B) EpWTAMATOG 1 KE OmoLov aAAo

Tpomo BeAete, va Bpeite Ta kowva onpeia tng evBeiag pe v ypadikn napdotaon g f .

(Movaédecg 8)
AYZH
a) H eubeia AB €xeL efiowon t™¢ popdnc (5):,v:ax+ﬁ. To onueio A[l,—%} glval
onueio g (&), apa:
—%:a'l+ﬁ (1).

To onueio B(4,-3) eivat onpeio tng (&), dpa:
B=q-4+8 (2).

AUvoupe To oUoTtnua Twv eflowoswv (1) kat (2):

3

. o =——
4 o 4 = 3 = 4
B=q-4+B |da+p=-3 4-(—ﬂ+ﬁ:—3 B =0.

3
Apa n euBela AB €xelL e€lowon (8) Ty = _Zx \

B)

i. Mo kaBe x € R oxveL kat —x € R . Exoupe:
Fn) =5 (5 ()= wx={ ' x| ==/ (0.

ii. Zto Bi) anobdeiape ot f(—x)=—f(x) yia kdBe xR , 6nAadn 6t n f elval meplren.
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JUVENMWE N ypadikn TNG MOPACTACH ELVAL CUMMETPLKA W MPOC TNV apXn Twv afovwv

(0,0):

-] -
“

flz) =

.-\{I.—§7
1

B(4.-3)

y) E€attiag tng ouppetpiag tng ypadikng mapdotaong g f we mpog 1o (0,0) , TO onpeio
_I’E Ba avhnkel otn ypadLKn mapaoToon n onoia SLEPYETAL KAl Ao To (0,0). Oupwg Ta

onuela avta avrikouv kot otnv suBsia AB. Apa ta kowvd onueia tg €ubsiog kat tng

KOLTTUANG Elval Ta [l,—%), (0,0) KoL (—l,%).
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1) ’ r 1 L r
EvaAAdaktika, Ba Abooupue tnv e€lowaon Zx3 —x= —Zx. Exoupe woobuvapua:

1, 3

—X —Xx=——x

4
X —4x+3x=0<

X-x=0&
x(xz—l):0<:>
x=0nx=1nx=-1.

Apa Ta Kowa onpeia eival ta (1,—%) , (0,0) Kol (—l,%).
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30. O@épa 17925

2to mapokatw oxApa Sivetat THApA TG ypadlkig mapactacng Tng ouvAPTNONG

f(x)Z%x4 +ax’, xeR, a € R katto onueio A[—l,—%) QauTnC.

A(=1,—7)
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a) Na beigete oL ¢ =—1.
(Movabdec 6)
B) Ma a=-1,
i. Na arobeiéete o1l f(—x) = f(x) ya kdBe xe R.
(Movabdec 5)
ii. Na petadépete otnv KOAAQ 0ag TO OXN A KOL VA CURTANPWOETE TN ypadLki
napaoctaon tng f yw x>0.

(Movabdeg 6)

v) Adou erufefalwoete OTL f(—\/?_a) = L LE xprion Tou B) epwTApaTog i KE 6molov dAAo

Tpono BeAete, va Ppeite ta Kowa onuela tng euBelag y :_Z LE TNV YpadLKn MapaoTaon

ms f.
(Movabdec 8)
AYZH
a) Onwg daivetal oto oxnua, n ypadki napdotacn tng f TEUVEL Tov x'x dfova oto
(—2,0) , OTIOTE €XOUUE LloodUvapa:
f(-2)=0&
%(—2)‘* va(-2) =0

d+4a=0
a=-1.
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B)
, 1 . . .
i. Exoupe f(x) :ZX4 —x*. Mo k&Be x € R woxveL kat —x € R. Onodte:

—l—x4——r2:lr4—x2: X
f0) =2 () ~(x) =g - =1 (x).

ii. Zto Bi) amobeifape ot f(—x)= f(x), dnAadn ot n f eilval aptia. ZUVenwg n

ypadLkr TG mapaoTacn €ival CUMHETPLKA wg Itpog tov y'y dafova:

3
A(-1,-7)

4 4

v) Mpaypoatikd f(—\/g):l(—\/gr—(—\/g)z:%—3:—%, omote TO onueio (—\E,—E]

QavAKeL otn ypadki napdotaon tng f .
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E€attiag g ouvppetpiag tng ypadikng mapdotaong g f wg mpog tov yv'y afova, ta

, 3 3 , , . . ,
onuela {l,—E] KoL [ﬁ,—ZJ Ba avnkouv gmiong otn ypadilkn mapaotacn Kol n eubsia

3, . , , , 3 3 3
y:—z £XEL TECOEPA KOWA onuela pe autny, ta _L_Z , | L——1, —\/5,—1 KoL

(-],

4

EvaMaktikd, Ba Avooupe tnv efiowon f(x) = —% . Exoupe Looduvapa:

f(x)=-=<
1o o34
4 4

' -4x*+3=0

=1 nx'=3
Apa oL Aboelg NG e€lowong sival téooeplg: x=-1, x=1, x= —\/g, x= \/g KOl CUVETTWCE Ta

, , , 3 , , , 3
Kowa onpela g eubelag y = 4 KE TNV ypadlkn mapaoctacn tng f eival ta —1,—1 )

(2 2)m(in )
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3 3
G4 A AN YN e =3

31. Oépa 17943 Apyétumo
Aivetal opBoywvio tpiywvo pe eppadd E =60cm’, tou omoiou n unoteivovoa eivat kotd
2cm  peyaAltepn amé tn pia kaBetn mAsupd. Av OVORACOUPE X TO HAKOG OUTAC TNG
KABETNG MAEUPAG KAL ¥ TO UAKOG TNG AAANG KABETNG (0€ cm ), TOTE:
a) Na deiete OtL 0 aplOpog x kavomolel tnv e€lowon:
¥ +x°-3600=0.

(Movabdec 10)
B) Av yvwpilete OTL TO UAKOC TNEC MAELPAC x elval aplOpOC AKEPALOC KAL ULKPOTEPOC TOU 16,
vaL Bpelte TNV TWWA TOU x KoBwWC Kol Ta pAKN TWV AAAWY TIAEUPWY TOU TPLYWVOU.

(Movabdecg 10)
v) Na Bpeite o MARB0G Twv 0pBoywViwY TPLYWVWY TIOU LKOVOTIOLOUV TO apXIKA Sebopéva
Tou mpoPAfipatog. Na atttoAoyroete TV amdvtnon cog.

(Movadec 5)
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AYZH

4.3. TTOAVWVVLKES EELOWOELS KXL KVIOWOELS

a) To opBoywvio Tpiywvo mou kavorolel Ta dedopéva €xel KABETEG MAEUPEG X, ¥ KOL

UTtOTElVov OO (x+ 2) . To epPadov tou eivat E = 60cm’, onote: % =600 y= 120 Kot amno
x

to NuBayopelo Bewpnpa:
(x+2)2 =x'+y' &

(x+2) =+ +[@} =
X

14400

2
X

X +4x+4=x"+

3600
= &

2

+1
X

X +x*—3600=0. (1)

B) O mBavéc aképatec pilec Tn¢ eflowong x° + x> —3600=0 mou eival pkpoTepec Tou 16
Kot elvalt Betikol aplBpol (to x elval pAKOog TAELpPAC TPywvou), Elval ot

1,2,3,4,5,6,8,9,10,12 kat 15. Or apBpot mou eival pikpotepot tou 10 dev pnopet va sivat
pileg, ylwatt to daBpolopa (x3 +x2) npenel va tooltat pe 3600. Mapatnpolps OTL

10° +10* —3600# 0, dpa to 10 Sev eivar pila tne efiowonc, dnwe Sev ival koL o 12.

KataAfiyoupe oto 15 katl kavoupe tn dialpeon (x3 +x° —3600)+(x—15):
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z® + % 4 0z — 3600 z—15

(+) —z°®+ 1522
x? + 16z + 240

162> + 0z — 3600

(+)
—162% + 240z
240z — 3600
(+) —240z + 3600
0

Onorte n e§iowon (1) ypadetat: (x— 15)(;::2 +16x+240) =0.
H pévn Abon tng efiowong eivar x=15, yiati n x> +16x+240=0 eivar advvatn

(A=-704<0).

. . , . , 120 , ,
Apa oL kaBeteg MAsUpEC TOU Tplywvou eival 15em kat FzScm. H umoteivouvoa eivat

15+2=17cem.
v) Eva €ival to opBoywvio Tpiywvo mou KavomoLel Ta apxika dedouéva tou PoPARATOC
KaL UTO eivat To Tpiywvo mou Bprkape oto B) epwtnua, yiati n eflowon x° + x> —3600=0

bev €xeL dAAN AUon ektog amoé tnv x =13.
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32. Oéua 18221 ApyEtumo

Y10 mapakdTw oxnua, Sivetal n mapafodr y =3 —x* kat ta onpeia tng I, A . Aivetat akdpa

otLto ABI'A €ivat opBoywvio pe a € (O,\/g).

Ve

B(-a,0) Ala,0)

y=3-x

a) Av E eivat to epBado tou opBoywviou ABI'A, tOte:
i. va amnodeifete OTL yla KABe « 6(0,\/5) elvat Ez}‘(a):—Za3 + 60 TETPAYWVIKEG

HovadEg.
(Movadec 08)
ii. vapBpedeitoepuPado E otn Béon o =1.
(Movabdeg 02)
B) Na armodeiéete otL 0 epfado E Sev umopei va Eemepdoel TIC 4 TETPAYWVIKEG LOVASEC.
(Movabecg 12)
v) Na Bpebei n B¢on tou @, wote 1o epPado E va mapel tn pHEyLOTN TLUH TOU.

(Movabecg 03)
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AYZH
a)
i. Eivat AB=a—(-a)=2a.
Eneldr) 10 A avrikel otnv rmapafolr y=3—-x* wxveL y, =3-x,°=3—a’. Onote

AA=y, -y, =3-a’-0=3-a’.

Etvat EzAB-AAzZa(3—a2):6a—2a3.
Emopévwe ylo kabe a € (0,\/5) eivat E=f(a)=-2a’ +6a.

ii. ToIntoluevo epPadod loovtal pe f(l} =-2.14+6-1=4 teT. povadec.

B) NMa va amobeifoupe otL to epPfadod E bev pmopel va Eemepdoet 11 4 TETPAYWVIKEG
povadeg apkel va amodeifoupe ot E<4.

‘Exoupe

E<d4e 2a° +6a<4 1[0 3]2]p=-2

20 -6a+4=0

eat-3a+2=0

Onorte,

(1) B
S(a+2)(@-1) 20 @’ ~3a+2=(a+2)(a’ ~2a+1)

2
TIOU LOYUEL Lot KABe aE(O,\E] :(a+2)(a—1) :(1)

()
y) Na kdBe a € (O,\E) eivat E<4e f(a)< f(1) dpato epBadod €xet péyiotn Tun 4

TETPAYWVIKEC povadec otn Béon e =1.
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33. Oépa 21155 Apyétumo

JTov mivaka pLag oXoAkAg TéEng eivat ypappévo to moAuwvupo P(x) = x2 + ax? + bx + ¢,
OToU Ol OUVTEAEOTEG a, b, ¢ elval pun pundevikol aképatot apBpoi. Avo pabntég, o A kat o B,
nailouv €va matyvidt, eMAEyovVTag TIUES YLO TOUG CUVTEAEOTEG WG EENG: TPWTA 0 A ETUAEYEL
TUUN VL0 KATIOLOV CUVTEAEDTH], UETA 0 B €rA€yel TLUn yLa €vayv oo Toug SU0 EVOITOUEIVAVTEC
OUVTEAEOTEG Kal TEAOC 0 A €MAEYEL TIUN YL TOV OUVTEAEOTH TOU €PEWVE. [Mpoomabouv va
gmAé€ouv Toug a, b, ¢ wote o P(X) va (KAVOTIOLEL KATIOLO CUYKEKPLUEVN CUVONKN.
a) Eotw Ot 0 pabntig A emildéyel @ = 2, HeTd o B emdéyel b = 1 kat téAog o A erthéyel maAL
¢ = 2. Na anobeiéete ot 10 P(x) Ba €xeL TOTE WG povadikn pila tov aptbpo —2.

(Movadec 5)
B) O paBntnc A emidéyel a = —1. Na amodeiéete otL avetaptnta nws Ba maitsl o pabntnc B,
0 A propei peta va eTAéEeL ouvteleotn €toL wote To P(Xx) va €XEL TapdyovTa TO TTOAU WVUHO
x—1.

(Movadec 8)
y) O paBntng A emidéyel ¢ = 1. Na anodeiéete otL aveéaptnta nwg Ba aiéel o pabntig B, o
A pmopet peta va eTthé€eL ouvteheotn €toL wote to P(x) va éxeL olyoupa pia oto didotnua
(-1,0).

(Movabec 7)

8) O paBntic A emidéyel ¢ = 2022. Na amodeifete OTL OMWC Kol vo €MIAEYoUV HETA OL
ouvteAeoTEG a kal b elval aduvatov to P(x) va éxeL wg pila tov aptBuo 13.

(Movadeg 5)
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AYZH
a) Exovpe P(x) = x3 4+ 2x2 +x+2=x2(x+2)+ (x +2) = (x + 2)(x? + 1).
AMGE x%2 +1 > 0 yia k@B T tou x. Etol n e€iowon P(x) =0 (x+2)(x2+1) =0,
Sivetx + 2 = 0, dpax = —2.
B) @éAoupe to moAuwvupo P(x) = x3 — x% 4+ bx + ¢ va €xeL wg pila tov aptduod 1.
Apa mpénet P(1) = 0, 8nhadf 12 — 12+ b +¢c =0, dpab + ¢ = 0.
MapatnpoU e Aoundv nwg omolov apltBuod kal va eriAéEel o pabntic B yia tov cuvteleotn b
N ¢, 0 A umopel HeTA va eTUAEEEL TOV aVTIOETO TOL.
y) Ma va €xet to moAuwvupo P(x) piZa oto Sidotnua (—1, 0) apkei va oxlet
P(0)-P(1) <0, cupdwva ue 1o Oewpnua ogl. 145 tou oxoAwkou BLBAlou.
AMGE P(0) =1k P(1) = (-1)*+a(-1)?=b+1=a—-b.
Av Aoutov o pabntg B emhéEel Evav aplBuo otn BEon tou @, toTE apkel o pabntng A va
ETUAEEEL Evav peyaAUTEPO autou ot B£on tou b.
Av 0 paBntng B emAé€el evav aplBuo ot B€on tou b, TOTe apkel o pabntc A va emAetel
£VaV ULKPOTEPO auToL oTn B€on Tou a.
6) Av éva TIOAUWVUHO PE OKEPALOUG CUVTEAEOTEG £XEL aképala pila, tote auth Ba sival
Slatpétng tou otabepol opou. ANAG oto P(x) o otabepog opog eival To 2022 10 onolo OpwWG
. 2022

, . 7, , , .
Sev elva moAamAaotio tou 13, adou or\ b 155 + o Etol, amokAeietal to 13 va lval pila

Tou ToAUwWVU oL P(x).
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34. Oépa 21240 ApyEtumo
Aivetat to moAvwvupo P(x)=3x" +4x —5x-2.

a) Na Bpeite t1g pileg Tou MOAVWVUHOU.
(Movadec 5)

B) Na Auoete Vv avicwon P(x) >0.

(Movabdec 9)

, ) 5 5 Y 5
v) Nat Aboete tnv aviowon 3 5 +4| — =5 -2>0.
x“+1 x +1 x +1

(Movabec 11)

AYZH

a) Ano 1o Bewpnua aképatwv pllwv Tbaveég aképateg pilec eivat ot aplbuol +1,42. Me
Sokun Bplokoupe P(l) =0, apa to 1 gival pila tou moAuvwvupou. Me to oxnpa Horner Ba

TLOLPOLY OVTOTIOL | COU LE TO TTIOAUWVU O WOTE va BPoUHE TIG UTIOAOLTEG piles.

3 4 =5 -2 |1
3 7 2
3 7 2 0

Onorte:

P(x)=0& (x-1)(3x* +7x+2)=0=x-1=0 7 3x’ +7x+2=0x=1, x=-2, x:—%.
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B) ZUUITANPWVOULLE TO OXETLKO TILVOLKOL TIDOCLOU.

z | —oc0 -2 _% 1 +00
x—1 - -1 -9 &

322 + Tz + 2 + 9 -0+ +
CI N

Emopévwg P(x)>0&xe [—2,—%) U(L+w).

P( 2 )>0,xeR. Emopévwe amd to B)

v) H doBeioa aviowon eivat wooduvapn pe ]
X+
, . 1
EPWTNUA TPENEL —2 <——— < —— (1)
x +1 3
nl< . (2)
x*+1

EmiAboupe t1g SU0 aviocwoeLg:

>0.

H (1) elvaw advvatn, adol —;
x +1

<:>x2+1<5<::>x2<:4<:>|x|<:2<::>—2<:x<:2.

H (2) yivetau: 1< 25
x +1
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35. O@éua 22013 ApyEtumo
AiSetat to mohvwvupo P(x) = x* + 1.
a) Na anodeiete ot To moAvwvupo P(x) 8ev £xeL mpayUaTIKES PileC.
(Movadeg 5)
B) Na Bpeite 6Uo aplBuoUg «, 3 TETOLOUG WOTE:
*+1=(2+ax+1)- x2+Bx+1)

(Movabecg 10)
y) ©@swpoupe TNV akoAouBbn mpotacn: «Kade moAvwvuuo mou umopsi va avaAuvdesi os
VIVOLIEVO TTOAUWVULWYV ULKPOTEPOU Un UnbevikoU BaSuou, ExeL mpayUaTIKES pilec». Elval n
mpotacn auth Zwoth N AdBoc; Av n mpotacn sival ocwoth, va dwoste amodsién. Av n
npotaon sival Aabog, va SWaoeTe aviumapadsLypa.

(Movabdeg 10)

AYZH

a) H moodétnta x* + 1 eival avotnpd Betikn, pdAota x* +1 >0+ 1 = 1 ya kdBs x € R.

Omote, o x* + 1 5ev unSeviletal ylo KapLd TR Tou X KAl GUVETIWG, To ToAuwvupo P(x) Sev

EXEL TIPAYLLOTIKEC pileg.

EvaAAakTikd: Av UTTHPXE TPAYMATIKOG aplBuds p tétolog wote p* + 1 = 0, téte Oa énpene

p* = —1, npdyua droro.

B) ©a ekTEAECOUUE TIG TIPAEELS OTO SeUTEPO MEAOG Kal OTn CUVEXELQ Ba €§LOWOOUUE TOUG

OUVTEAEOTEC TWV SUVALEWY TOU X.

x*+1=*+ax+1)-xX+Bx+1) e

*+1l=x*+(a+B)x3+(aB+2)x2+ (a+P)x+1 &

58 o ot o o [ w =
a+p=o @WB=-2"la?=2 “la=tV2 " a=—V21p=V2

Apa: a =12 kat B =—V2 n a=—V2 xou =12

suvenwg, x*+1=(x2+V2x+1)-(x2—V2x+1).
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v) H mpotaon eivat AaBoc, cupdwva pe to a) Kot B) epwtnua. To avimapadelypa ival to

noAvwvupo P(x) = x* + 1 to omnoio avaAvetal o ywopevo 5Uo moAuwvipwy 2% Babuou:
x*+1=(x2+V2x+ 1) (x2 —V2x + 1).

oAAG Bev EXEL TPy LOTIKEC pllEC.
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